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Von Neumann’s inequality for commuting
operator-valued multishifts
Rajeev Gupta, Surjit Kumar, and Shailesh Trivedi
Abstract. Recently, Hartz proved that every commuting contractive classical
multishift with non-zero weights satisfies the matrix-version of von Neumann’s
inequality. We show that this result does not extend to the class of commuting
operator-valued multishifts with invertible operator weights. In particular, we
show that if A and B are commuting contractive d-tuples of operators such
that B satisfies the matrix-version of von Neumann’s inequality and (1, . . . , 1)
is in the algebraic spectrum of B, then the tensor product A ⊗ B satisfies
the von Neumann’s inequality if and only if A satisfies the von Neumann’s
inequality. We also exhibit several families of operator-valued multishifts for
which the von Neumann’s inequality always holds.
1. Introduction
The celebrated von Neumann’s inequality [28] says that if T is a contraction on
a Hilbert space H, then ‖p(T )‖ 6 sup|z|<1 |p(z)| for every polynomial p. Generaliz-
ing this result, Sz.-Nagy [24] proved that every contraction has a unitary dilation.
Later Ando [2] (see also [25]) extended this result and showed that every pair of
commuting contractions dilates to a pair of commuting unitaries, and hence, ev-
ery pair of commuting contractions satisfies the von Neumann’s inequality. Thus
it is natural to ask whether the von Neumann’s inequality holds for a d-tuple of
commuting contractions, d > 3. Surprisingly, it fails for d > 3. In fact, Varopou-
los, in [26], showed that there exists a big enough d for which the von Neumann’s
inequality fails for a d-tuple of commuting contractions. In the addendum of the
same paper, he together with Kaijser and independently Crabb and Davie [5] gave
examples of three commuting contractions which do not satisfy the von Neumann’s
inequality. Since then it has been one of the peculiar topics in operator theory.
In [23, Question 36], Shields asked whether a d-tuple of commuting contractive
weighted shifts (in other words, contractive classical multishift) satisfies the von
Neumann’s inequality. This question was attributed to Lubin and was explicitly
mentioned in [16]. Recently, Hartz [13] answered this question affirmatively and
proved the following result:
Theorem 1.1. [13, Theorem 1.1] Let T = (T1, . . . , Td) be a contractive clas-
sical multishift with non-zero weights. Then T dilates to a d-tuple of commuting
unitaries.
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In view of this, it is natural to ask whether the above result extends to the
class of commuting operator-valued multishifts with invertible operator weights.
The purpose of this note is to study the von Neumann’s inequality for commuting
operator-valued multishifts. A key tool in this study is the following characteriza-
tion for the tensor product of two d-tuples of commuting contractions to satisfy the
von Neumann’s inequality.
Theorem 1.2. Let d be a positive integer and let A = (A1, . . . , Ad), B =
(B1, . . . , Bd) be two commuting d-tuples of contractions on the Hilbert spaces H
and K respectively. Suppose that B satisfies the matrix-version of von Neumann’s
inequality and (1, . . . , 1) belongs to the algebraic spectrum σ(B) of B. Then A⊗B =
(A1 ⊗ B1, . . . , Ad ⊗ Bd) satisfies the von Neumann’s inequality if and only if A
satisfies the von Neumann’s inequality.
Using this characterization, we prove that if A = (A1, . . . , Ad) is a d-tuple of
commuting contractions on a Hilbert space H and T = (T1, . . . , Td) is a commuting
operator-valued multishift on ℓ2H(N
d) with operator weights given by A
(j)
α = Aj for
all α ∈ Nd and j = 1, . . . , d, then T satisfies the von Neumann’s inequality if and
only if A satisfies the von Neumann’s inequality. This readily yields a family of
operator-valued multishifts with invertible operator weights which do not satisfy
the von Neumann’s inequality. This is in contrast with Theorem 1.1. We conclude
this paper with a concrete example of a commuting operator-valued multishift with
invertible operator weights which does not satisfy the von Neumann’s inequality.
This example is motivated by the one which Kaijser and Varopoulos [26] gave to
disprove the von Neumann’s inequality for 3-tuple of commuting contractions. It is
worth mentioning that a commuting d-tuple of contractions dilates to a commuting
d-tuple of unitaries if and only if it satisfies the matrix version of von Neumann’s
inequality [20, Corollary 7.7]. We refer the reader to [20, 1, 25, 19, 22] for recent
developments related to the von Neumann’s inequality.
We set below the notations used in posterior sections. For a setX and a positive
integer d, Xd stands for the d-fold Cartesian product of X . The symbols N, Z, R
and C stand for the set of nonnegative integers, set of integers, the field of real
numbers and the field of complex numbers, respectively. For α = (α1, . . . , αd) ∈ Nd,
we set |α| := ∑dj=1 αj . For w = (w1, . . . , wd) ∈ Cd and α = (α1, . . . , αd) ∈ Nd,
the complex conjugate w ∈ Cd of w is given by (w1, . . . , wd), while wα denotes the
complex number
∏d
j=1 w
αj
j . The symbol D
d is reserved for the open unit polydisc
in Cd centered at the origin whereas D
d
stands for the closed unit polydisc in Cd.
Let H be a complex Hilbert space. If F is a subset of H, the closed linear span
of F is denoted by
∨{x : x ∈ F}. For a positive integer m, the orthogonal direct
sum of m copies of H is denoted by H(m). Let B(H) denote the unital Banach
algebra of bounded linear operators on H. The multiplicative identity I of B(H)
is sometimes denoted by IH. The norm on H is denoted by ‖ · ‖H and whenever
there is no confusion likely, we remove the subscript H from ‖ · ‖H. If T ∈ B(H),
then T ∗ denotes the Hilbert space adjoint of T . An operator T ∈ B(H) is said to
be a contraction if ‖T ‖ 6 1. By a commuting d-tuple T = (T1, . . . , Td) in B(H), we
mean a collection of commuting operators T1, . . . , Td in B(H) and T is said to be
contractive if Tj is a contraction for each j = 1, . . . , d. For α = (α1, . . . , αd) ∈ Nd,
we understand Tα as the operator Tα11 · · ·Tαdd , where we adhere to the convention
that A0 = IH for A ∈ B(H). Let T = (T1, . . . , Td) be a commuting d-tuple in B(H)
and B be the unital Banach algebra generated by T1, . . . , Td. Then the algebraic
VON NEUMANN’S INEQUALITY FOR OPERATOR-VALUED MULTISHIFTS 3
spectrum σ(T ) of T is given by
σ(T ) = Cd \
{
λ ∈ Cd : there exist S1, . . . , Sd ∈ B such that
d∑
j=1
(Tj − λj)Sj = IH
}
.
The reader is referred to [6] for a detailed account on various notions of spectra
of a commuting tuple of operators. A d-tuple T = (T1, . . . , Td) of commuting
contractions on H is said to satisfy the matrix-version of von Neumann’s inequality
if for every positive integer m,
‖(pi,j(T ))16i,j6m‖B(H(m)) 6 sup
z∈Dd
‖(pi,j(z))16i,j6m‖B(Cm), pi,j ∈ C[z1, . . . , zd],
where C[z1, . . . , zd] denotes the ring of polynomials over C in d complex variables
z1, . . . , zd.
2. Von Neumann’s inequality for tensor product of tuples
In this section, we prove Theorem 1.2. We are grateful to the anonymous referee
for his constructive comments which significantly improved the earlier version of
this theorem.
Proof of Theorem 1.2. Since (1, . . . , 1) ∈ σ(B), it follows from [6, Proposi-
tion 1.2] that there exists a multiplicative linear functional χ on the unital Banach
algebra B generated by B1, . . . , Bd such that χ(Bj) = 1 for all j = 1, . . . , d. Let
k ∈ N and
p(z) =
∑
α∈Nd
|α|6k
aαz
α, aα ∈ C, z ∈ Cd,
be a polynomial. By Hahn-Banach theorem there exists a contractive linear func-
tional φ on B(H) such that φ(p(A)) = ‖p(A)‖. Then φ ⊗ χ is a contractive linear
functional on B(H)⊗B (see [3]). Hence, we get
‖p(A⊗B)‖ > |(φ⊗ χ)p(A⊗B)| =
∣∣∣
∑
α∈Nd
|α|6k
aαφ(A
α)χ(Bα)
∣∣∣ = |φ(p(A))| = ‖p(A)‖.
This establishes that A satisfies the von Neumann’s inequality if A⊗B satisfies the
von Neumann’s inequality.
Conversely, assume that A satisfies the von Neumann’s inequality. Let k ∈ N
and
p(z) =
∑
α∈Nd
|α|6k
aαz
α, aα ∈ C, z ∈ Cd,
be a polynomial. Consider the polynomial p(z, w) given by
p(z, w) =
∑
α∈Nd
|α|6k
aαz
αwα, z, w ∈ Cd.
Since A satisfies the von Neumann’s inequality, for each fixed w ∈ Cd, we get
‖p(A,w)‖ =
∥∥∥
∑
α∈Nd
|α|6k
aαA
αwα
∥∥∥ 6 sup
z∈Dd
|p(z, w)|. (1)
Let {eλ : λ ∈ Λ} be an orthonormal basis of H. For a finite subset F of Λ, let
PF denote the orthogonal projection of H onto the subspace
∨{eλ : λ ∈ F} of H.
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Define the (matrix-valued) polynomial
p
F
(A,w) =
∑
α∈Nd
|α|6k
aα PFA
αPF w
α, w ∈ Cd.
Note that for each w ∈ Cd, the net p
F
(A,w) converges to p(A,w) in the strong
operator topology and ‖p
F
(A,w)‖ 6 ‖p(A,w)‖. Since B = (B1, . . . , Bd) satisfies
the matrix version of von Neumann’s inequality, it follows that
‖p
F
(A,B)‖ 6 sup
w∈Dd
‖p
F
(A,w)‖ 6 sup
w∈Dd
‖p(A,w)‖. (2)
Also observe that the net p
F
(A,B) converges to p(A,B) in strong operator topology.
Since B(H)⊗B(K) is isometrically embedded in B(H⊗K), we identify p(A,B) with
p(A⊗B). Therefore, we get
‖p(A⊗B)‖
(2)
6 sup
w∈Dd
‖p(A,w)‖
(1)
6 sup
w∈Dd
sup
z∈Dd
|p(z, w)| = sup
z∈Dd
|p(z)|.
This completes the proof of the theorem. 
3. Operator-valued multishift and the von Neumann’s inequality
This section is devoted to the study of the von Neumann’s inequality for com-
muting operator-valued multishifts. Before exhibiting a family of commuting con-
tractive operator-valued multishifts with invertible operator weights which do not
satisfy the von Neumann’s inequality, we briefly recall the notion of operator-valued
multishift. The notion of operator-valued unilateral weighted shift was introduced
by Lambert in [17] and was studied considerably thereafter (see [18, 15] for re-
lated study). We refer to its several variable generalization as the operator-valued
multishift. It seems that the notion of operator-valued multishift was not formally
introduced and systematically studied earlier but it appeared at several places in
the literature, see for instance [7], [21], [4]. We now proceed towards the formal
definition of operator-valued multishift.
Let d be a positive integer and {Hα : α ∈ Nd} be a multisequence of complex
Hilbert spaces. Let H = ⊕α∈NdHα be the orthogonal direct sum of Hα, α ∈ Nd.
Then H is a Hilbert space with respect to the following inner product:
〈x, y〉
H
=
∑
α∈Nd
〈xα, yα〉Hα , x = ⊕α∈Ndxα, y = ⊕α∈Ndyα ∈ H.
If Hα = H for all α ∈ Nd, then we denote H = ⊕α∈NdH by ℓ2H(Nd). Let {A(j)α :
α ∈ Nd, j = 1, . . . , d} be a multisequence of bounded linear operators A(j)α :
Hα → Hα+εj , where εj is the d-tuple in Nd with 1 in the jth place and zeros
elsewhere. An operator-valued multishift T on H = ⊕α∈NdHα with operator weights
{A(j)α : α ∈ Nd, j = 1, . . . , d} is a d-tuple of operators T1, . . . , Td in H defined by
D(Tj) :=
{
x = ⊕α∈Ndxα ∈ H :
∑
α∈Nd
‖A(j)α xα‖2 <∞
}
,
Tj(⊕α∈Ndxα) := ⊕α∈NdA(j)α−εjxα−εj , x = ⊕α∈Ndxα ∈ D(Tj), j = 1, . . . , d.
For each α ∈ Nd and j = 1, . . . , d, if αj = 0, then we interpret A(j)α−εj to be a zero
operator and xα−εj as a zero vector. Note that each Tj , j = 1, . . . , d, is a densely
defined linear operator in H.
The following proposition studies the basic properties of an operator-valued
multishift. Its proof is straightforward and is left for the interested readers.
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Proposition 3.1. Let d be a positive integer and T = (T1, . . . , Td) be an
operator-valued multishift on H = ⊕α∈NdHα with operator weights {A(j)α : α ∈
N
d, j = 1, . . . , d}. Then the following statements hold:
(i) For j = 1, . . . , d, Tj is bounded if and only if
sup
α∈Nd
‖A(j)α ‖ <∞. (3)
(ii) For i, j = 1, . . . , d, Ti commutes with Tj if and only if
A
(i)
α+εjA
(j)
α = A
(j)
α+εiA
(i)
α for all α ∈ Nd. (4)
Let T = (T1, . . . , Td) be an operator-valued multishift on H = ⊕α∈NdHα with
operator weights {A(j)α : α ∈ Nd, j = 1, . . . , d}. We refer to T as commuting
operator-valued multishift if the operator weights satisfy (3) and (4). Let us see how
the class of classical multishifts is contained in that of operator-valued multishifts.
Let {w(j)α : α ∈ Nd, j = 1, . . . , d} be a multisequence of non-zero complex
numbers such that supα∈Nd |w(j)α | < ∞ and w(j)α+εiw
(i)
α = w
(i)
α+εjw
(j)
α for all α ∈ Nd,
i, j = 1, . . . , d. Let H = ℓ2
C
(Nd). Set A
(j)
α := w
(j)
α IC for all α ∈ Nd and j = 1, . . . , d.
Then the commuting operator-valued multishift T = (T1, . . . , Td) with operator
weights {A(j)α : α ∈ Nd, j = 1, . . . , d} is commonly known as classical multishift
which was introduced in [16]. Note that ℓ2
C
(Nd) is nothing but ℓ2(Nd) and hence,
in future, we shall write ℓ2(Nd) in place of ℓ2
C
(Nd).
We produce several families of commuting operator-valued multishifts for which
the von Neumann’s inequality always holds. We begin with the following lemma
which generalizes [17, Corollary 3.2].
Lemma 3.2. Let d be a positive integer and H be a complex Hilbert space. Let
T = (T1, . . . , Td) and T˜ = (T˜1, . . . , T˜d) be two commuting operator-valued multi-
shifts on ℓ2H(N
d) with respective unitary operator weights {A(j)α : α ∈ Nd, j =
1, . . . , d} and {A˜(j)α : α ∈ Nd, j = 1, . . . , d}. Then T and T˜ are unitarily equivalent.
Proof. Let U0 = IH and Uα+ǫj = A˜
(j)
α UαA
(j)∗
α for all α ∈ Nd and j = 1, . . . , d.
We show that Uα is well-defined for each α ∈ Nd. To this end, first note that if
α ∈ Nd is such that |α| 6 1, then Uα is well defined. Now assume that |α| > 2. Let
α = β + ǫj = γ + ǫk = δ+ ǫj + ǫk for some β, γ, δ ∈ Nd and j, k ∈ {1, . . . , d}. Using
(4), we get
Uβ+ǫj = A˜
(j)
β UβA
(j)∗
β = A˜
(j)
δ+ǫk
Uδ+ǫkA
(j)∗
δ+ǫk
= A˜
(j)
δ+ǫk
A˜
(k)
δ UδA
(k)∗
δ A
(j)∗
δ+ǫk
= A˜
(k)
δ+ǫj
A˜
(j)
δ UδA
(j)∗
δ A
(k)∗
δ+ǫj
= A˜
(k)
δ+ǫj
Uδ+ǫjA
(k)∗
δ+ǫj
= A˜(k)γ UγA
(k)∗
γ
= Uγ+ǫk .
Since A˜
(j)
α and A
(j)
α are unitary operators, it is clear that each Uα is a unitary
operator on H . Set U := ⊕α∈NdUα. It is a routine verification to show that U
is a unitary on ℓ2H(N
d) and UTjU
∗ = T˜j for all j = 1, . . . , d. This completes the
proof. 
Proposition 3.3. Let d be a positive integer and H be a complex Hilbert space.
Let T = (T1, . . . , Td) be a commuting operator-valued multishift on ℓ
2
H(N
d) with
unitary operator weights {A(j)α : α ∈ Nd, j = 1, . . . , d}. Then T satisfies the von
Neumann’s inequality.
Proof. It follows from the preceding lemma that T is unitarily equivalent to
the operator-valued multishift on ℓ2H(N
d) with operator weights being the iden-
tity operator on H . In other words, T is unitarily equivalent to the unweighted
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multishift on ℓ2H(N
d). Since the unweighted multishift on ℓ2H(N
d) dilates to the
(unweighted) bilateral multishift on ℓ2H(Z
d), which is a d-tuple of commuting uni-
tary operators, it follows that T satisfies the von Neumann’s inequality. 
Let us see another family of commuting operator-valued multishifts for which
the von Neumann’s inequality always holds.
Proposition 3.4. Let n, d be positive integers and T = (T1, . . . , Td) be a
commuting operator-valued multishift on ℓ2
Cn
(Nd) with operator weights given by
A(j)α =


w
(j)
1,α 0 . . . 0
0 w
(j)
2,α . . . 0
...
...
. . .
...
0 0 . . . w
(j)
n,α


for all α ∈ Nd and j = 1, . . . , d.
Then T is unitarily equivalent to W1 ⊕ · · · ⊕Wn, where Wk, k = 1, . . . , n, is the
classical multishift on ℓ2(Nd) with weights {w(j)k,α : α ∈ Nd, j = 1, . . . , d}.
Proof. Let {e1, . . . , en} be the standard orthonormal set of vectors in Cn. For
k = 1, . . . , n, define
eα,k = ⊕β∈Ndxβ where xβ = 0 if β 6= α and xα = ek.
For each k = 1, . . . n, set
Mk :=
∨{
eα,k : α ∈ Nd
}
.
Then ℓ2
Cn
(Nd) =M1⊕· · ·⊕Mn. Further, it is a routine verification to see thatMk
is a reducing subspace of each Tj and (T1|Mk , . . . , Td|Mk) is unitarily equivalent to a
classical multishift Wk with weights {w(j)k,α : α ∈ Nd, j = 1, . . . , d} for k = 1, . . . , n.
This completes the proof. 
As the von Neumann’s inequality respects the direct sum, the following corol-
lary immediately follows from Theorem 1.1 and the preceding proposition.
Corollary 3.5. Let n, d be positive integers and T = (T1, . . . , Td) be a com-
muting contractive operator-valued multishift on ℓ2
Cn
(Nd) with operator weights being
invertible n× n diagonal matrices. Then T satisfies the von Neumann’s inequality.
The following proposition facilitates us to produce a class of operator-valued
multishifts for which the von Neumann’s inequality does not hold.
Proposition 3.6. Let H be a complex Hilbert space and d be a positive inte-
ger. Suppose that A = (A1, . . . , Ad) is a d-tuple of commuting contractions on H
and T = (T1, . . . , Td) is the commuting operator-valued multishift on ℓ
2
H(N
d) with
operator weights given by A
(j)
α = Aj for all α ∈ Nd and j = 1, . . . , d. Then T
satisfies the von Neumann’s inequality if and only if A satisfies the von Neumann’s
inequality.
Proof. Observe that the Hilbert space ℓ2H(N
d) can be realized as H ⊗ ℓ2(Nd).
Hence it is not difficult to see that
Tj = Aj ⊗ Sj for all j = 1, . . . , d,
where S = (S1, . . . , Sd) is the unweighted multishift on ℓ
2(Nd). Note that S is
unitarily equivalent to the d-tuple of operators of multiplication by the coordinate
functions on the Hardy space of the polydisc Dd. Hence it follows that the Taylor
spectrum of S is D
d
. Since the Taylor spectrum is contained in the algebraic
spectrum, it follows that (1, . . . , 1) is in the algebraic spectrum of S. Now the
desired conclusion is immediate from Theorem 1.2. 
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Corollary 3.7. Let d be a positive integer and A = (A1, . . . , Ad) be a d-
tuple of commuting 2 × 2 or 3 × 3 contractive matrices. Let T = (T1, . . . , Td) be
the commuting operator-valued multishift on ℓ2
Cn
(Nd) (n = 2 or 3) with operator
weights given by A
(j)
α = Aj for all α ∈ Nd and j = 1, . . . , d. Then T satisfies the
von Neumann’s inequality.
Proof. The fact that any d-tuple of commuting 2 × 2 contractive matrices
satisfies the von Neumann’s inequality was established in [8] while that for a d-
tuple of commuting 3× 3 contractive matrices was proved in [12]. Now rest of the
proof is immediate from the preceding proposition. 
We are now ready to give the example which we mentioned in the beginning of
this text. Our example is motivated from the one given by Kaijser and Varopoulos
[26] to disprove the von Neumann’s inequality for 3-tuple of commuting contrac-
tions. Before this, observe that if a commuting d-tuple V of contractive matrices
is a counter-example to the von Neumann’s inequality, then for some t ∈ (0, 1) the
commuting d-tuple A = tI + (1 − t)V of invertible contractive matrices is also a
counter-example to the von Neumann’s inequality. Hence, if S is the unweighted
multishift on ℓ2(Nd), then the operator-valued multishift A⊗S satisfies all the con-
ditions of Theorem 1.2 and is the desired counter-example to the von Neumann’s
inequality. The following example illustrates this discussion.
Example 3.8. Let c ∈ (0, 1/(6+√30)). Following [11, Definition 2.5] (see also
[27]), consider the Varopoulos operators on C4 given by
Vj =


0 xj yj 0
0 0 0 xj
0 0 0 yj
0 0 0 0

 , j = 1, 2, 3,
where xj , yj ∈ R and x2j + y2j = (1− c)2 for each j = 1, 2, 3. Set Aj := cI+Vj for all
j = 1, 2, 3. Since (V1, V2, V3) is a commuting tuple, it follows that A = (A1, A2, A3)
is also a commuting 3-tuple of invertible matrices. Moreover, ‖Aj‖ ≤ c+ ‖Vj‖ = 1
for all j = 1, 2, 3. Let T = (T1, T2, T3) be the commuting operator-valued multishift
on ℓ2
C4
(Nd) with operator weights given by A
(j)
α = Aj for all α ∈ Nd and j = 1, 2, 3.
Now, consider the Varopoulos-Kaijser polynomial [26] (see also [10])
p
V
(z1, z2, z3) := z
2
1 + z
2
2 + z
2
3 − 2z1z2 − 2z2z3 − 2z3z1.
It is shown in [26] (see also [14], [11]) that supz∈D3 |pV (z)| = 5. Further, we observe
that p
V
(A1, A2, A3) is given by

3∑
j,k=1
c2ajk
3∑
j,k=1
c ajk(xj + xk)
3∑
j,k=1
c ajk(yj + yk)
3∑
j,k=1
ajk〈Xj , Xk〉
0
3∑
j,k=1
c2ajk 0
3∑
j,k=1
c ajk(xj + xk)
0 0
3∑
j,k=1
c2ajk
3∑
j,k=1
c ajk(yj + yk)
0 0 0
3∑
j,k=1
c2ajk


,
where
(ajk) :=


1 −1 −1
−1 1 −1
−1 −1 1

 ,
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and Xj = (xj , yj) for j = 1, 2, 3. From above it can be concluded that
‖p
V
(A1, A2, A3)‖ >
∣∣∣
3∑
j,k=1
ajk〈Xj , Xk〉
∣∣∣
= 3(1− c)2 − 2(〈X1, X2〉+ 〈X2, X3〉+ 〈X3, X1〉).
Following [9, Lemma 2.18], it can be shown that the right hand side of the above in-
equality achieves its maximum value atX1 = (1−c)(1, 0), X2 = (1−c)(−1/2,
√
3/2)
and X3 = (1− c)(−1/2,−
√
3/2) and therefore
‖p
V
(A1, A2, A3)‖ > 6(1− c)2.
Thus using this and the facts that c < 1/(6 +
√
30) and supz∈D3 |pV (z)| = 5, we
conclude that ‖p
V
(A1, A2, A3)‖ > supz∈D3 |pV (z)|. Now from Proposition 3.6, we
deduce that the operator-valued multishift T = (T1, T2, T3) does not satisfy the von
Neumann’s inequality.
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